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Abstract. In this article we study the Bloch-Wigner theorem over a 
domain with many units. Our version of Bloch-Wigner theorem is very 
close to Suslin's version of the theorem over infinite fields. 



Introduction 

For a commutative ring R with 1, there are two types of algebraic K- 
groups: Milnor K- groups and Quillen K- groups, denoted by K*f (R) and 
K n {R) respectively. For any n > 1, there is a canonical homomorphism 
i n : K?f(R) -> K n (R). 

When R is a field or a ring with many units, it is known that i\ and i 2 are 
isomorphism [7], [17], [11], [4]. For n > 2, t n is not an isomorphism most of 
the times. In fact the kernel of i n is annihilated by multiplication by (n — 1)! 
[11], [4] and the cokernel of i n can be very large [13]. The group 

K n (Rr d := cokev(K^(R) -> K n {R)) 

is called the indecomposable part of K n (R). 

The Bloch-Wigner theorem studies the indecomposable part of K 3 (C) and 
asserts the existence of the exact sequence 

-> Q/Z ->■ K 3 (C) iad -> p(C) -> Az C* -> A' 2 (C) -)■ 0, 

where p(C) is the pre-Bloch group of C [1], [3]. 

In a remarkable paper [16], Suslin has generalized this result to all infinite 
fields. In fact he proved that for any infinite field F the sequence 

Tor? fa(F),ii(F))~ -> K 3 (F) ind -4 p(F) ^ (F* ® z F*) CT K 2 (F) -4 

is exact, where Tor?(/i(.F), fi(F))~ is the unique non-trivial extension of 
Torf(/i(F),/i(F)) by /x 2 (F). 

It was known for very long time that K 3 (C) md ~ i?3(SL2(C), Z). One 
can show that for an infinite field F, there is a canonical homomorphism 

H (F*,H 3 (SL 2 (F),Z)) -> A 3 (F) ind . 

Suslin has asked that is this map is bijective [13, Question 4.4]? Recently 
Hutchinson and Tao have shown that it is in fact surjective [5, Lemma 5.1]. 

These facts and Suslin's question raise the question that is there a version 
of the Bloch-Wigner exact sequence that involves a homology group very 
close to Ho(F*,H 3 (SL 2 (F),Z)), replacing K 3 (F)' md \ 
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In [9], the first author studied this question. In the meantime he tried to 
give a general form of Bloch-Wigner exact sequence, valid over rings with 
many units. (We should mention that Theorem 5.1 in [9] is not correct. A 
correct formulation of that theorem, which is very close to Proposition 4.2 
below, will appear in an erratum to [9].) 

In the present article, we give a version of the Bloch-Wigner theorem 
over any ring with many units (Proposition 4.2). This recovers and also 
improves the main results of [9]. Our proof here is different than the one 
given in [9]. When R is a domain with many units, e.g. an infinite field, 
we make our formulation of the Bloch-Wigner exact sequence more precise 
(Theorem 4.4). In fact we prove that there exists the exact sequence 



O^Torf (fi(R), (i(R)r^ H 3 (SL 2 (R))^p(R) -> (R* ®z R*)a -^K 2 {R) -X), 

where H^{S1j2{R)) is the following quotient of the group H-$(GL 2 (R), Z), 

# 3 (SL 2 (i?)) :=H 3 (GL 2 (R), Z)/im(# 3 (GLiOR), Z) + R* U H 2 (GL 1 (R), Z)) . 

This exact sequence and Suslin's Bloch-Wigner exact sequence suggest 
that K 3 (F) md and H 3 (SL 2 (F)) should be isomorphism. But there is no 
natural homomorphism from one of these groups to the other one! But 
there is a natural maps from Hq(F* , H 3 (SL 2 (F), Z)) to both of them. These 
relation will be studied somewhere else. 



Notation. In this paper by Hi{G) we mean the homology of group G with 
integral coefficients, namely Hi(G, Z). By GL n (resp. SL n ) we mean the 
general (resp. special) linear group GL n (R) (resp. SL n (R)), where R is a 
commutative ring with 1. If A — > A' is a homomorphism of abelian groups, 
by A 1 1 A we mean coker^ — > A') and we take other liberties of this kind. 
For a group A, by Ajj^ji] we mean A <g>% Z[l/2]. 



1. Suslin's bloch-wigner exact sequence 

Let R be a commutative ring with 1. Define the pre-Bloch group p(R) of 
R as the quotient of the free abelian group Q{R) generated by symbols [a], 
a, 1 — a 6 R*, by the subgroup generated by elements of the form 
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where a, 1 — a, b, 1 — 6, a — b € R*. Define 

A' : Q{R) — > R* ® R*, [a]i->a®(l 
By a direct computation, we have 
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Let (R* <g> R*) a := R* ® R* / (a ® b + b <g> a : a,b G R*}. We denote the 
elements of p(R) and (i?* (8) R*)a represented by [a] and a <g> b again by [a] 
and a b, respectively. Thus we have a well-defined map 

X:p(R) — >(R*®R*) a , [a]t-*a®(l-a). 

The kernel of A is called the Block group of R and is denoted by B{R). 

We say that a commutative ring R is a ring many units if for any 
n > 2 and for any finite number of surjective linear forms fi : R n — > R, 
there exists a v G itl n such that, for all i, fi(v) G R*. Important examples 
of rings with many units are semilocal rings with infinite residue fields. 

If R is a ring with many units, then we obtain the exact sequence 

— ► B(R) — > p{R) — > (R* ® R*) a — ► K^(R) — > 0. 

We refer the reader to [4, Section 3.2] for the definition of Milnor's i<C-groups 
K^f{R) of a ring R. When R is a ring with many units, then 

K^(R) ~ iT ® R*/(a ® (1 - a) : a, 1 - a G R*) 

~ (R* ® R*) a /{a ® (1 - a) : a, 1 - a G iT) 
[8, Proposition 3.2.3], [4, Section 3.2]. 

The following remarkable theorem is due to Suslin [16, Theorem 5.2]. 

Theorem 1.1 (Suslin). If F is an infinite field, then we have the following 
exact sequence 

_^ Tor? (Kn#))~ — > A' 3 (F) ind — > 5(F) — ► 0, 

where Torf (fi(F), [i(F))~ is the unique nontrivial extension of the group 
Torf fo/Z/2 i/char(F) ^ 2 and is egua/ to Torf(/i(F),/i(F)) i/ 
char(F) = 2. 

The group Torf (fi(F), fi(F))~ is studied in some details in the next sec- 
tion. 

When F is algebraically closed, one can show that K^(F) md ~ /^(SL^-F)) 
[13, Theorem 4.1], [8, Proposition 5.4] and 

Tor?Gu(F),//(F)r = Torf (fM(F),fM(F)) 

(see the next section). Thus we have the following corollary of Suslin's 
theorem. 

Corollary 1.2 (Bloch-Wigner exact sequence). Let F be an algebraically 
closed field. Then we have the exact sequence 

— ► Torf(/i(F),/i(F)) — ► F 3 (SL 2 (F)) — ► B(F) — ► 0. 

Remark 1.3. (i) Recently Hutchinson has shown that Theorem 1.1 is also 
valid for finite fields [6, Corollary 7.5]. 

(ii) When F = C, Corollary 1.2 was proved by Bloch [1, Lecture 6] and 
Wigner, independently and in somewhat different form. A proof of this 
corollary in case of char(i ? ) = can be found in [3, App. A]. 
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(iii) In case of positive characteristic, using techniques similar to the case 
of zero characteristic, one can show that the sequence 

Tbrf(MnMF)) — ► ^s(SL 2 (F)) — ► B{F) — ► 
is exact (see for example Proposition 4.2 below). The proof of the injectivity 
of Tor? (n(F), fJ>(F)) — > H^(SL2(F)) seems to be difficult, and as far as I 
know there are only two proofs available, both due to Suslin. One proof 
follows from the Suslin's results on the i^-theory of algebraically closed 
fields [14], [15], and the other proof uses the theory of Chern classes [16, 
Lemma 5.7]. 

2. Finite cyclic groups as extensions 

In this section we will study the group Tor?(/u(.F), [i(F))~ that appears 
in Theorem 1.1. 

Let us first to calculate the groups i7 2 (Z/n, Z/2) and if 2 (Z/2, Z/ra). Us- 
ing the Kiinneth formula [18, Exercise 6.1.5], Example 6.2.3 of [18] and [18, 
3.3.2], we have 



# 2 (Z/2,Z/n) ~ Exti(Z/2,Z/n) 




if 2\n 
if 2 I n ' 



# 2 (Z/n, Z/2) ~ Ext|(Z/n, Z/2) ~ \l /n * 2 \ U . 

if 2 | n 

For a group G and a G- module A, the cohomology group H 2 (G, A) classi- 
fies all the equivalence classes of group extensions of G by A (A as an abelian 
group) [18, Theorem 6.6.3]. If 2|n, we have the following two non-split exact 
sequences, 

— )■ Z/n Z/2n Z/2 — > 0, 

— > Z/2 Z/2n Z/n — ► 0. 

Therefore the first exact sequence is the only nontrivial extension of Z /2 by 
Z/n and the second one is the only nontrivial extension of Z/n by Z/2. 

Let R be a domain. Let F be the quotient field of R and .F the algebraic 
closure of F. Let (J,2°°(R) C be the following set 

H2°°(R) := {a G : there exists an m 6 N, s.t. a 2 = l}. 

Here we are interested in the calculation of the cohomology groups 

2 (Z/2, Tor? 0(E), /u(i?))), F 2 (Torf (/i(i?), u^)), Z/2). 

Applying the Kiinneth formula together with the facts that Torf(u(R), n(R)) 
is a direct limit of a family of finite cyclic groups and the homology functor 
commutes with direct limits, with directed set of indices [2, Chap. V.5, 
Exercise 3], we get the isomorphisms 

H 2 (Z/2, Tto$(n(R) >fi (R))) ~ Ext|(Z/2, Tor? (p(R), u(R))), 
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# 2 (Torf (/i (12), n(R)), Z/2) ~ Ext| (Torf (^(R) , fj,(R)) , 1/2). 
It is easy to see that 

Ext£(Z/2,Tor?( M (i2),/i(i2))) ~ Torf /i(i?))/2 

_ fo if yw°{F) C /i 2 »(i2) 

~ 1 Z/2 if Ai 2 °°(-R) is finite, char(12) / 2. 

On the other hand, since n(R) can be written as union (J£i MniC^)> where 
2|ni|ri2| • • • , we have the following exact sequence [18, 3.5.10] 

-> lWExt^ (^ (12) , Z/2) ->■ Ext| (//(12) , Z/2) -> hmExt| (12) , Z/2) -> 0. 

Since fA ni (R) is finite and cyclic, 

lim 1 Ex4(^ ni (12),Z/2) ~ hm 1 Hom z (^ ni (12),Z/2) ~ hm 1 Z/2 = 0, 

[18, Exercise 3.5.2] and 

'0 ifchar(12) = 2 



UmExti(/i ni (12),Z/2) ~ 
Thus 

Ext!Gu(12),Z/2) > 



5/2 if char(12) / 2 

if char (R) = 2 
Z/2 if char (12) ^ 2 ' 



Now by [12, Theorem 10.86] we have 

Ext|(Torf (/x(12),Ml2)),Z/2) ~ Ext|(//(12), Ext* (//(!?), Z/2)) 

(o ifchar(12) = 2 
~ [Z/2 if char (12) / 2 ' 

Therefore if //2°° (12) is finite, then 

H 2 (Z/2,Torf(^(12),M#))) - H 2 (Torf (fi(R), M (12)), Z/2) 

fo ifchar(12) = 2 
~ 1 Z/2 if char (12) ^ 2 ' 

From this it follows that when char(12) ^ 2 and fj,2°°(R) is finite, we have 
a unique nontrivial extension of Z/2 by Torf (n(R), fJ>(R)) and a unique non- 
trivial extension of Torf (/x (12), ji (12)) by Z/2. If we denote these extensions 
by Torf (/J,(R), fJ,(R))~ and Torf (^i(R), /u(12))~ respectively, then we have the 
non-split exact sequences 

— >■ Torf (fj,(R),fi(R)) — >• Torf (n(R) , fi(R))* — ► Z/2 — > 0, 
— ► Z/2 — > Torf(/x(12),/i(12))~ — ► Torf (/i(12), /z(12)) — > 0. 

The calculation done at the beginning of this section, implies that the groups 
Torf (n(R), n(R))~ and Torf (/i(12), /x(12))~ must be isomorphic. Hence if we 
have one of the above exact sequences, we will get the other one too. 
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Moreover if ^2°°{R) = l^2°°(F) Q R and char(i2) 7^ 2, then we have the 
non-split exact sequence 

1 — ► fi 2 (R) — > n{R) fi(R) — ► 1, 

which from it we obtain the non-split exact sequence 

— > Z/2 — ► Torf(/i(i?),/x(E)) Torf (//(#),//(#)) — ► 0. 

Thus in this case, Tor? (/x(J?), ~ Torf (ji(R), fi(R)). We collect, these 

results in the following proposition. 

Proposition 2.1. Let R be a commutative domain with char(i?) 7^ 2. Let 
F be the quotient field of R and F be the algebraic closure of F. 

(i) There exists a unique nontrivial extension of Torf (/i(R), n(R)) by Z/2. 
We denote this group by Torf (/j,(R), (j,(R))~ . 

(ii) If ^2°°{R) is finite, then there is a unique nontrivial extension of Z/2 
by Torf (fi(R) , fi(R)) , which is isomorphic to Torf (fj,(R), n(R))~ . 

Remark 2.2. If char(i?) = 2, then /j,2°°(R) is trivial. In this case, we set 

Torf ( M (J?),/x(fl))~ := Torf (fi(R),fi(R)). 

3. Third homology of monomial matrices of rank two 

Let R be a commutative ring. Let GM2 denotes the group of monomial 
matrices in GL2. Let T2 := R* x R* C GM2 and consider the extension 

1 — > T 2 — > GM 2 — ► E 2 — ► 1, 
where E 2 = i ( n ?) ? ( ? n ) f • We often think of S 2 as the symmetric 



x 1 y v 1 ° , 

group of order two {1, a}. Note that GM 2 = T 2 x S 2 . The action of S 2 on 
T 2 is as follow 

l(a, 6) = (a, 6), a(a,b) = (b,a). 
From this extension we obtain the first quadrant spectral sequence 

E 2 m = H p (^2,H q (T 2 )) =► H p+q (GM 2 ). 

Since the homology of finite cyclic groups is known [18, Theorem 6.2.2], 
one easily sees that 



E p,0 



Z if p = r 

Z/2 if p is odd , E% tl = # P (£ 2 ,T 2 ) ~ 



if p is even 



if p ^ 



From these, we obtain the isomorphism E^° 2 — -^1 2 - The spectral sequence 
gives us a filtration 

= F„iif 3 (GM 2 ) C F H 3 (GM 2 ) C . . . C F 3 # 3 (GM 2 ) = F 3 (GM 2 ), 
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such that E^_i ~ F i H 3 (GM 2 )/F i _ 1 H 3 (GM 2 ), 0<i<3. Thus we have 

E$ ~ F iT 3 (GM 2 ) = im(# 3 (T 2 )), 

E% ~ ^2 ~ J P 1 F 3 (GM 2 )/FoF 3 (GM 2 ), 

£^ - F 2 ^(GM 2 )/F 1 F 3 (GM 2 ) = 0, 

£^ ~ F 3 ^(GM 2 )/M 3 (GM 2 ) = H 3 (GM)/F 2 H 3 (GM 2 ). 

From the natural inclusion T, 2 C GM2, one easily sees that the composition 
H 3 (T, 2 ) — > H 3 (GM 2 ) — > iT 3 (£ 2 ) coincides with the identity map. Thus 
-Kjo — iJ 3 (£ 2 )- Now the above relations imply the following isomorphisms 

# 3 (GM 2 ) ~ F 2 H 3 (GM 2 ) © tf 3 (£ 2 ), E\ 2 ~ F 2 H 3 (GM 2 )/H 3 (T 2 ). 

Set 

M := H 3 (R*) © # 3 (iT) © iT <8> H 2 (R*) © # 2 (iT) © R* C ff 3 (T 2 ). 
By applying the Snake lemma to the commutative diagram 

►M >H 3 (T 2 ) >Tca$Qi(R),ii(R))—>0 

st st st 

— >F 2 H 3 (GM 2 ) — > F 2 H 3 (GM 2 ) > > 

we obtain the exact sequence 

Twf( M (l?),/x(12)) — > T fl — > 4 2 — ► 0, 

where Tr = F 2 i? 3 (GM 2 )/M. Note that £f 2 i s a 2-torsion group and we 
have [2, Chap. III.l, Example 2] 

Ei,2 = Hi(E 2 , H 2 (T 2 )) 

= H 2 (T 2 y/(l + a)H 2 (T 2 ) 

= (R* © R*Y/{1 + a)(i?* © i?*) 

= H 1 {T, 2 ,R* ®R*), 

where the action of £2 on R* © ii* is as follow: 

l(a © b) = a © 6, a(a © 6) = —6 © a. 

Lemma 3.1. Ze£ A be an abelian group and £2 o.cts on A © A as above. 
Then #i(£ 2 , ^4 © A) ~ #i(£ 2 , © ^2°°), w/iere A 2 °o := {a £ i : 
there exists m G N s.t. 2 m a = 0}. If A is 1-divisible, then iii(£ 2 , A® A) = 
0. 

Proof. Let {j4j : z G J} be a family of finitely generated subgroups of A 
such that J is a directed set and A ~ linxAj. Then one can easily see that 

A © A ~ limAj © Ai. So to prove the lemma we may assume that A is 
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finitely generated. Let A ~ A 2 oo © ^-odd © Z n , where A odd is the subgroup 
of A consisting of elements of odd order. Then we have 

Fi(£ 2 ,v4©v4) ~ Hi(^ 2 ,A 2 oc ®A 2 oo) 
©Fi(S 2 ,A odd ©A odd ) 
©#i(E 2 ,Z"©Z n ) 

®i?i(E 2) A 200 © ,4 odd © A odd © A 2 ™) 
ffii2i(E 2) A 2 ~ © Z ra © Z n © A 2 oo) 
ffiifi(S 2 , A odd © Z n © Z n © A odd ). 

The action of E 2 on A 2 °o © A odd © A odd © A 2 °° , A 2 oc © Z™ © Z n © A 2 oo and 
A 2 oo © Z n © Z™ © A 2 oc is as follow 

a(x © a, 5 © y) = — (y © b, a © x). 

Since -A odd © Aidd has no element of even order, iTi(E 2 , ^4 dd © Ajdd) = 
0. By an easy direct commutation one can see that the homology groups 
Hi(Y, 2 ,A 2 °o © A odd © A odd © A 2ao ), Hi(Y, 2 ,A 2 °o © Z n © Z n © A 2 <*>) and 
Hi(T, 2 , yl dd © Z n © Z n © A odd ) are trivial. Also one can show that 

(Z n © Z n Y = (1 + cr)(Z" © Z n ) = (e* © ej - e, © e; : 1 < i < j < n), 

where {ei, . . . , e n } is the standard basis of 7L n . Hence Hi(T, 2 , Z n © Z n ) = 0. 
This completes the proof of the first part of the lemma. When A is 2- 
divisible, A 2 °o is 2-divisible too. Therefore A 2 oo © A 2 <x> is trivial. Now the 
claim follows from the first part of the lemma. □ 

By the previous lemma we have the isomorphism 

E\ 2 = i7 1 (S 2jJ ff 2 (T 2 )) ~ H x {i: 2 ,n 2 ^{R)®^{R)). 
Combining this with the above exact sequence, we obtain the exact sequence 
(3.1) Torf (fi(R),fi(R)) — > T fl — > ffi(E 2 ,/i2»(i?) ® M2»(i*)) — ► 0. 
For later use, we need to give an explicit description of the map 

H 2 {T 2 y w E\ 2 F 2 H 3 {GM 2 )/H 3 (T 2 ) C H 3 (GM 2 )/H 3 (T 2 ). 

To do this we need to introduce certain notations. 

For an arbitrary group G, let B 9 {G) — > Z denote the bar resolution of G. 
So B n (G), n > 0, is the free left G-module with basis consisting of elements 
of the form [gi \ . . . \g n ], gi G G, where [gi \ . . . \gi] = if = 1 for some i. 
The differential (?„ : B n (G) — > B n -i(G) is defined as follow 

d n (bil • • ■ ISrJ)= 51 [52 1 • • • \g n ] + ££1 (-l)*^! • • • \9i\9i9i+l\<H+i\ ■ ■ ■ \9n] 

Note that B (G) = ZG[ } and e : £ n g c/[ ] >->• E %■ We turn the B n {G) into 
a right G-module in usual way. For any left G-module M, the homology 
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group Hi(G,M) coincides with the homology of the complex B,(G) ®g M. 
In particular 

H n {G) = H n (B.(G) ® G Z) = H n (B.(G) G ). 

For simplicity we denote the element of B n (G)c represented by \gi \ . . . \g n ] 
again by [gi \ . . . \g n ]. Any element g G G, determines an automorphism of 
the complex B,(G) ®g M given by 

[gi\ ■ ■ ■ \g n ] ®rn^ [gg\g~ l I • • • \ggn9~ 1 ] ® gm. 

This automorphism is homotopic to the identity, with the corresponding 
homotopy given by the formula 

Pg : B n (G) ® G M^ B n+1 (G) <E)g M, 

n 

[gi\---\g n ] i-> ^2{-iy[gi\ ■ ■ ■ \gj\g~ l \ggj+\g~ 1 \ ■ ■ ■ \gg n g~ l ] ®m. 

3=0 

Lemma 3.2. Let u G H 2 (T 2 ) U and h G B 2 (T 2 )t 2 a representing cycle for 
u. Let t be the automorphism of transposition of terms and let r(h) — h = 
dj 2 (b), b G B^(T 2 )t 2 - Then the image of u under the map 

H 2 (T 2 y — > H 3 (GM 2 )/H 3 (T 2 ) 

coincides with the homology class of the cycle b—p s (h), where s := 
and 

Ps([gi\g2\) ■= [s|s5is _1 |s5f 2 s -1 ] - [5i|s|s£/2S _1 ] + [siM^]- 

Proof Let B,(GM 2 ) — > Z and B.(S 2 ) — > Z be the bar resolutions of GM 2 
and T, 2 respectively. We know that 

J B.(GM 2 ) GM2 ^ (B.(GM 2 ) r2 ) S2 ~ Z ®s 2 £.(GM 2 )r 2 . 

The spectral sequence E^ q is one of the two corresponding spectral sequences 
of the double complex #.(£2) ®s 2 ^•(GM 2 )t 2 , with S 1 -terms of the form 

E X M = H q (B p (Z 2 ) ® S2 B.(GM 2 )t 2 ), 

[2, Chap. VII, Sections 5, 6]. Let h = [gi\g 2 ] — [g 2 \gi] G B 2 (T 2 ). Then 

r(h) = [sgis~ 1 \sg 2 s~ 1 ] - [sg 2 s~ 1 \sg 1 s~ 1 ]. 

Consider the commutative diagram 

Z®s 2 fi 3 (GM 2 )T 2 ^So(E 2 ) 0s 2 S 3 (GM 2 )t 2 ^S 1 (S 2 ) ®e 2 5 3 (GM 2 )t 2 

I 1 I 

4' 4- 4- 

Z®e 2 5 2 (GM 2 ) T2 <— £ (£ 2 ) ®e 2 B 2 (GM 2 )t 2 <^Bi(£ 2 ) ®s 2 S 2 (GM 2 )t 2 . 
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Now the necessary computations are collected in the following diagram 
b - p s (h) < 1 s[ ] <g> b - [ ] ® p s (h) 

"Y" 

s[ ] ® h - [ ] <g) 1 [s] ® h. 

□ 

Let i? be a domain and £ G a primitive n-th root of unity. Therefore 
Hn(R) = (£}. Let (£,n,£) € Tovf (p(R) , p(R)) be the image of £ under the 
following composition 

/i n (i?) ^> Torf( Mn (i?),^ n (i?)) ^ Torf^),/^)). 
We have the following lemma. 

Lemma 3.3. Xei R be a domain. Then we have the canonical decomposition 
H 3(T 2 )= Hi(R*) ® Hj(R*) ®Torf((i(R),fi(R)), 

i+j=3 

where a splitting map Torf(p(R), p(R)) — > H^^T^) is defined by the formula 

n 

x(o ■= E ([& i)i(i,oi(i^)] - [(u)i(£, i)i(i,r)] + ku)I(i,0(£,i)] 
i=i 

i)i(r, i)i(i,o] - [«, i)i(i,oi(f , i)] + [(u)i& me, i)i) • 

Proof. For a proof, see Section 4 of [8]. □ 

4. Bloch-wigner exact sequence 

The following theorem is due to Suslin [16, Theorem 2.1]. 

Theorem 4.1. Let R be a commutative ring with many units. Then 

B(R) ~ F 3 (GL 2 )/F 3 (GM 2 ). 

Proof. Suslin has proved this theorem for infinite fields [16, Theorem 2.1]. 
But his arguments without any change also works for any ring with many 
units. For example Lemmas 2.1 and 2.2 in [16] and their proofs are still 
true (see for example [9, Section 1]). For a proof of Lemma 2.4 in [16], see 
the proof of Lemma 4.1 in [9]. The rest of Suslin's argument goes through 
without any change. □ 

From Theorem 4.1 we obtain the exact sequence 
(4.1) # 3 (GM 2 ) — > F 3 (GL 2 ) — > B{R) — ► 0. 
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Proposition 4.2. Let R be a commutative ring with many units and set 
H 3 (SL 2 (R)) := H 3 (GL 2 )/(H 3 (GU) + R* U H 2 (GU)). 

(i) Then we have the following exact sequences 

T R — > H 3 (SL 2 (R)) — ► B(R) — > 0, 

Torf( M (12),At(i2)) — > T fi — > ^(£3, /^(i?) ® ^(i?)) — > 0, 

(ii) We /icwe i/ie exact sequence 

Tbr?(/x(i*), M (fl)) z[1/2] -^tf 3 (SL 2 (i?),Z[l/2]) fl * — ► S(fl) Z [i/2] — > 0. 

(iii) TfJ?* = -R* 2 , i/ien we /iawe £/ie exact sequence 

Torf {(j,(R),»(R)) — > ff 3 (SL 2 (i2)) — > — >• 0. 

Proo/. Let B 2 := | f ° ^ ^ : a,<i 6 Pt*,5 € A theorem of Suslin 

claims that the inclusion T 2 C P 2 induces the isomorphism H n (T 2 ) ~ 
H n (B 2 ), n > 0, [ I, Theorem 2.2.2]. The matrix s = f J J 

the matrix f J ^ ^ € P 2 , and hence 

im(ff 3 (£ 2 )) C im(ff 3 (S 2 )) = im(tf 3 (T 2 )) C tf 3 (GL 2 ). 

Thus Suslin's exact sequence (4.1) together with H 3 (GM 2 ) ~ F 2 if 3 (GM 2 ) © 
iJ 3 (£ 2 ), implies the exact sequence 

F 2 H 3 (GM 2 ) —> H 3 (GL 2 ) — > B(R) — >• 0. 

Now from the commutative diagram 

M > M 

I I 
F 2 tf 3 (GM 2 ) — ► H 3 {G\j 2 ) — >B(R) — > 0, 
we obtain the exact sequence 

T R — ► tf 3 (GL 2 )/M — ► B(i2) — > 0. 

This together with exact sequence (3.1) proves (i). The parts (ii) and (iii) 
follow from (i), Lemma 3.1 and the fact that we have the isomorphism 

tf 3 (SL 2 (i?)) 2[1/2] ~ H 3 (SL 2 (R),Z[1/2]) R * 

for any ring with many units and the isomorphism 

iT 3 (SL 2 (i?))~# 3 (SL 2 (i?)) 

if moreover R* = R* 2 [9, Corollary 5.4]. □ 
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Remark 4.3. (i) Proposition 4.2 recovers and also improves one of the main 
result of [9]. We should mension that Theorem 5.1 in [9] is not correct. The 
correct formulation of that theorem, which is almost the above proposition, 
is stated in an erratum to [9]. 

(ii) If R is a noncommutative ring with many units [8, Section 2], [4, 
Section 1], then with minor modification the groups p(R), B(R), K% (R) 
can be defined in a similar way [9, Remark 5.2]. Now most of the above 
arguments also works in this noncommutative setting and thus we obtain 
the exact sequences 

T R — > # 3 (SL 2 (i?)) — > B(R) — > 0, 

Torf (Ki(R), K\ (R) ) — > T R — ► H^, K^R) ® K X {R)) — > 0. 
This corrects and also improves Remark 5.2 in [9]. 

Theorem 4.4. Let R be a domain with many units. Then we have the exact 
sequence 

— > Torf (v(R),fi(R)r — ► ff 3 (SL 2 (i?)) — > J3(fl) — > 0, 

where Tor 1 (fj,(R), //(i2))~ is t/ie unique nontrivial extension of the group 
Torf(/i(i?),/i(J?)) &y Z/2 i/char(i?) ^ 2 and is eguaZ to Torf (/i(-R), i/ 
char(i?) = 2. 

Proof. By Proposition 4.2, we have the following exact sequences 

T R — ► # 3 (SL 2 (i?)) — > J3(i2) — > 0, 

Tor?(/i(J?),/i(i2)) — > T fi — > fl-i(S 2 ,/i 2 «»(-R) ® M2»(-R)) — >■ 0. 
Let -F be the quotient field of i? and F be the algebraic closure of F. Then 

rr /v, /-m / r,^ (#i<» (-R) ® /^2°° (-R))'" 

(1 + o)(H2°°{R) ® H2°°\R)) 

= 2(M2°°(-R) <8> M2°°(-R)) 

f if ^ 2 oo (J?) = ^ 2 oo (F) C ii 

I Z/2 if ^2°°{R) is finite and char(i?) ^ 2. 

Using the isomorphism ^3(SL 2 (F)) ~ i/3(SL 2 (F)) [9, Corollary 5.4] and the 
Bloch-Wigner exact sequence, Corollary 1.2, from the above exact sequences 
we get the isomorphism Torf (//(F), ju(F)) ~ Tp. From the commutative 
diagram 

Torf ^(R),fj,(R)) ► Tr 

1 1 

Torf( M (F),/i(F)) — ^ Tp. 

and the injectivity of Torf (fJt(R), fJ,(R)) — >■ Torf 0(F), //(F)), the injectiv- 
ity of Torf (n(R),fi(R)) — ► Tr follows. 
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If char(.R) = 2, then p 2 oo(R) = P2°°(F) = {1}, and so Hi(£ 2 , fJ^°°(R) <8> 
^2°°{R)) = 0. Hence the map Torf (p,(R) , fj,(R)) — >• Tr is surjective as well 
and thus 

Tor? (ji(R),»(R)) ~ Tr. 

Now assume char(i?) 7^ 2 and p 2 <x>(R) is finite. Then we have the exact 
sequence 

(4.2) — > Tor? (ji(R),n(R)) — > Tr — > Z/2 — > 0. 

We show that this exact sequence does not split. This exact sequence is, in 
fact, the exact sequence 

— > H 3 (T 2 )/M — > F 2 tf 3 (GM 2 )/M — > F 2 H 3 {GM 2 ) / H 3 (T 2 ) — > 0. 

Let fi 2 oo(R) = n n (R) = {Oi n = 2m = 2 r . Under the inclusion 

{0, (-1) £} = 2 (m2°° (12) M2~GR)) ^ n 2 (r 2 ) CT , 

the image of (—1) <g> £ in H 2 (T 2 )°" is represented by the cycle 

h:= [(-l,l)|(U)]-[(U)|(-l,l)]GB 2 (T 2 ) r2 . 

Now 

r(fc)-fc=[(l,-l)|(f,l)]-[(f J l)|(l,-l)]-[(-l J l)|(l J 0] + [(l,0|(-l,l)], 

= [ S |(i, -i)i(e, i)] - [(-i, i)| s |(e, i)] + [(-1, i)i(i,oi*] 

-[ fl |(f,i)|(i,-i)] + [(i,0M(i,-i)] -[(i,OI(-i,i)l«]- 

If b := xi (0 + X3(0> where 

xi(e):=E^[(e,i)i(i,oi(i,e)]-[(i,0!(c,i)Ki,e)]+[(i,e)i(i,e)i(c,i)] 
i)i(e, i)i(i,o] - [«, i)i(i,oi(e, i)] + [(i,oi(e, i)i(e, i)]) , 

X3 (0:=[(l -1)1(1 ,-l)|(C,l)]-[(l-l)|(^l)|(l,-l)] + [(e,l)l(l,-l)l(l,-l)] ; 

then, 9j 2 (6) = r(/i) — h. Now by Lemma 3.2, the cycle b — p s (h) represents 
the ima ge of (-1) (gig in F 2 H 3 (GM 2 )/H 3 (T 2 ) C H 3 (GM 2 )/H 3 (T 2 ). Now let 
w(0 := b — p s (h) represents the element of -F 2 il3(GM 2 )/M generated by the 
cycle b—p s (h). To show that our exact sequence does not splits, it is sufficient 
to show that 2w(0 is equal to the image of (£, n,£) € Tor? (fJ,(R), A*(l?)) 
under the inclusion Torf (ft(2?), //(#)) ~ H 3 {T 2 )/M <-+ F 2 H 3 (GM 2 )/M. By 
Lemma 3.3, the image of (£, n, is equal to x(0- Therefore we should show 
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that 2lj(0 = X (0- If 

x m--= [(-i,Di(-i, 1)1(1,6] - [(-i,i)i(i,e)i(-i,i)] 

+[(U)|(-i,i)|(-i,i)], 

n(o= [ s \(i, -1)1(1, -m, i)] - [ S |(i, -m, i)i(i, -i)] 

+[(-1,1)1*1(61)1(1,-1)] - [(-1,1)1(1,01*1(1,-1)] 
+[(-i,i)|(U)|(-i,i)N - [(i,e)M(i,-i)|(i,-i)] 

+[ S |(6 1)1(1, -1)|(1, -1)] - [(-1, 1)| S |(1, -1)|(6 1)] 

+[(i,0l(-i,i)M(i,-i)] - [(i,0l(-M)l(-M)N 
+[(-i,i)|(-i,i)H(6i)] - [(-i,i)|(-i,i)|(i,0N, 

then by a direct computation we have 

d A ( V (0) = -2p s (h) + X3 (0 " X4(0 G S 3 (GM 2 ) GM2 , 

and thus 

2w(0 = 26 - 2 Ps (/i) = 2 X i (0 + Xa(0 + X4(0 + ^(O)- 
We have x(0 = Xi(0 + Xs(0 + Xe(0 + X2(0, wnere 

x2(0:=stXk£>wi,oki-^ 

+[(6i)i(-e,i)i(i,e)]-[(e,i)i(i,oi(-e,i)]+[(i,e)i(e,i)i(-e,i)]), 

xb(0== [fo -i)] - KU)I(£, i)l(i, -i)] + [(£, 1)1(1, -1)1(6 1)], 

Xe(0:= m l)l(-l, 1)1(1,01 - [(e, 1)I(1,0I(-1, 1)] + [(1,01(6 l)l(-l, !)]■ 
Now if 

"(0-ES 1 ([(^1)1(1.01(1.^)1(1,-1)] -[(i.0ltt,i)l(i,^)l(i,-i)] 

-[(i,oi(i,e)i(i,-i)i«,i)] + [(i,oi(i,e)i(c,i)i(i,-i)] 
+[(i,oi(e, i)i(e, i)i(-i, i)] - K6 i)i(i,oi(e, i)i(-i, i)] 

-[(6 i)|(e, i)|(-i, i)|(i,0] + [(6 i)l(f. i)l(i,OI(-i, i)]) , 

then a 4 («(0) = Xi (0 " X2(0 + Xs(0 " Xs(0 - Xe(0 + X4(0- Therefore 

2w(0 = 2 X i (0 + Xs(0 + X4(0 + #4(77(0) 

= Xi (0 + X2(0 + Xs(0 + Xe(0 + 9a(v(0 + "(0) 

= x(0 + 5 4 (r?(0+^(0)- 

This shows that 2cj(0 = x(0 an< l therefore the exact sequence (4.2) does 
not split. 

Thus Proposition 2.1 implies the existence of the non-split exact sequence 
— ► Z/2 — > Tr — > Totf(ji(R) f /m(R)) — > 0. 
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Therefore Tr is the unique nontrivial extension of Tor 1 (/j,(R) , /j,(R)) by Z/2. 
Now from the commutative diagram 

-+Z/2^T R ^Torf((i(R),fi(R)) — > 

■I* ■l' >L * 

^z/2^r^Tor?(/i(F),/iCF))— ► 0, 

we see that Tr — > Tp is injective. 

From this result and the Bloch-Wigner exact sequence, Corollary 1.2, we 
obtain the injectivity of the map Xr — > H^(SL2(R))- Therefore we have 
the exact sequence 

— > T R — > ^ 3 (SL 2 (ii)) — > 5(12) — > 0, 

where Tr is the unique nontrivial extension of Torf (/i(J2), /J>(R)) by Z/2. 
This completes the proof of the theorem. □ 

Remark 4.5. For an infinite field F, by Theorems 1.1 and 4.4 we have two 
exact sequences which look very similar 

— ► Tor f (fi(F),fi (F) ) ~ — ► K 3 (F) ind — > B{F) — ► 0, 

— > Torf( / u(F), / u(F))~ — > tf 3 (SL 2 (F)) — > 5(F) — > 0. 

This suggest that K^(F) md and i/3(SL2(i ? )) should be isomorphism. But 
there is no direct map from one of these groups to the other one! But there 
is a natural maps from H^(SL2(F))f* to both of them. These relation will 
be studied in another paper. 
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